We use continuity spaces, a common refinement of posets and metric spaces, to develop a general theory of semantic domains which includes metric spaces and domains of cpo's as special cases and provides the appropriate tools for producing new examples which may be suitable for modeling language constructs that occur in concurrent and probabilistic programming. Our proposal for a general notion of semantic domain is a symmetrically compact Y-continuity space, where V is a value quantale. We show that the category of symmetrically compact V-continuity spaces with continuous maps has many of the key properties required of a category of domains and that it captures, in a natural way, the traditional examples. In general, the category will not be Cartesian closed; however, powerdomains do exist and, by adapting a construction of Suenderhauf to continuity spaces, we show that they define a computational monad in the sense of Moggi.
Semantic domains
A central problem in theoretical computer science is that of constructing convenient categories for investigating the semantics of programming languages. The objects of such categories are usually called semantic domains and there is now a proliferation of mathematical structures which have been proposed to play this role. In the classical approach, introduced by Scott and Strachey [28] , certain classes of partially ordered sets, for example o-algebraic cpo's, serve as semantic domains. In much of the work [3, 11, 2] concerned with modeling concurrent processes and languages with nondeterministic or parallel features complete metric spaces have been used. However, neither of these proposals seems adequate to mode1 processes which have fairness constraints or for languages which involve probabilistic constructs [ 17, 251 .
The goal of the present work is to use continuity spaces -a common refinement of posets and metric spaces -to develop a genera1 theory of semantic domains which includes metric spaces and domains of cpo's as special cases and provides the appropriate tools for producing new examples which may be suitable for modeling language constructs that occur in concurrent and probabilistic programming. Our proposal for a general notion of semantic domain is asymmetrically compact V'%ontinuity space, where V is a value quantale -definitions are given below. We are able to show that the category CDom of symmetrically compact Fcontinuity spaces with continuous maps has the key properties ' required of a category of domains and that it captures, in a natural way, the traditional examples. In general CDom will not be Cartesian closed; ' however, powerdomains do exist and, by adapting a construction of Siinderhauf [33] to continuity spaces, we show that they define a computational monad in the sense of Moggi [21] and make CDom a &-model. The notion of value quantale generalizes the order and addition properties of the extended nonnegative reals. Its definition and basic properties are given in Section 2; key examples are discussed at the end of that section, such as the value quantale, 9: the extended, nonnegative reals, with the usual + (see Example 2.12).
In general, for a value quantale V, a ccontinuity space is a quasi-metric space except that its distance function takes values in V, rather than the reals. The induced topologies and elementary "metric" properties of these are discussed in Section 3.
Among these are the idea of dual: the space, with the distance d*, defined by d*(x, y) = d(y,x), and of symmetrization:
the space, with the distance d" = d Vd*. In Section 4, the needed compactness property is defined and characterized -for example, a value quantale has a natural V'$ontinuity space structure over itself, and it satisfies our compactness property if and only if its Lawson topology is induced by d"; another equivalence is that the Scott topology is induced by d, and the lower topology is induced by d*. In general, a V-domain is a <continuity space for which the topology induced by d" is compact and Hausdorff. The section ends with the construction of products, sums, and tensor products.
With the basic topological and metric properties established, examples of -tr-domains of interest to denotational semantics are given in Section 5. Algebraic and continuous cpo's are considered, and there are short paragraphs on metric spaces and probabilistic domains. (In fact, each topology is induced by some V%ontinuity space, and a topology is induced by some <domain if and only if it is skew compact -that is, stably locally compact in the terminology of [13, 32] -this is essentially shown in [16, 4. 111.) Section 6 is devoted to the upper powerdomain construction and a demonstration of its universal property, while Section 7 is devoted to showing that if X, Y are 6 domains, and a!(Y) is the upper powerdomain of Y, then the exponential, %(Y)x, exists as a <domain.
Our work owes much to Smyth's efforts [30, 31] to use quasi-uniformities to unify domains and metric spaces and to Lawvere's observations [20] on quasi-metric spaces and enriched category theory. Wagner [34] has also attempted to apply Lawvere's ideas to denotational semantics. ' Fixed points for morphisms and solutions to reflexive domain equations are treated in a sequel [8] to this paper. ' An example, due to Jimmie Lawson, which shows this is given at the end of Section 4.
Value quantales
In this section we recall the definition of a value quantale, record some elementary properties, and describe the examples most important for the present discussion.
A detailed treatment of these ideas, except for Example 2.15, can be found in Definition 2.6. 3 A quantale Y = ( V, < , +) consists of a complete lattice (V, < ) and an associative and commutative binary operation + on V satisfying:
(ql) for all pEV, p+O= p; (q2) for all p E V and all families {qi}iE, of elements of V, p + infiel qi = inficr (P + 9i 1.
Assume Y = (V, <, +) is a quantale. We record several simple but important consequences of the infinite distributive law (q2). Example 2.14 (The unit interval value quanta/e). Let 0 = [0, l] be the unit interval with the usual ordering. Then 0 is a value distributive lattice and the operation of truncated addition + makes 0 a value quantale (x + y is their usual sum if this is < 1; otherwise, it is 1). Notice that this example essentially differs from the previous one only in the addition (the map x 4 x/( 1 + x) is a lattice isomorphism from 9 to 0).
This difference has ramifications, some of which we discuss at the end of Section 4. Katz [14] discusses how this example provides a model for the logic of errors. Here b 1 a = min{b + (1 -a), l}, which is Lukasiewicz implication of many-valued logic.
Note that & is isomorphic to the value quantale II via the map x I+ (1 -x).
Further key value quantales arise as particular cases of the following general construction, which is not discussed in [6] . Then (P~,~ E V and for a E A, p E V, and cp E g, the following properties are satisfied: 
Continuity spaces
We assume in this section that V=( V, 6, +) is a value quantale. There is a natural topology on a Vcontinuity space X = (X,d),which is defined in a way completely analogous to the definition of the metric topology on a metric space. For x E X and E E V the open ball of radius E about x is the set BE(x) = {y E X 1 E + d(x, y)} and the closed ball of radius E about x is the set N,(x) = {y E X 1 E 2 d(x, y)}. seen to be a topology on X, which is called the induced topology on X. We call the induced topology on X* the dual topology on X and the induced topology on X^" the symmetric topology on X. For A a subset of X, we write cl(A) for the closure of A in the induced topology, *-cl(A) for the closure of A in the dual topology, and scl(A) for the closure of A in the symmetric topology. Similar notations will be used for other familiar topological notions. In particular, we say that a function is symmetrically continuous if it is continuous with respect to the symmetric topologies. In the first notion of continuity space (in [15] ), the lattice corresponding to V' need not be complete, and the idea of E + 0 is replaced by "E is positive", where the set P of positives is simply required to be a filter such that for each u E V, v = inf {u+c 1 E E P}, and for each E E P there is a 6 E P such that 6 + 6 d E. The theories are usually parallel, but completion theory is much more difficult for the [ 151 continuity spaces, Recall for use below that the specialization order on a topological space (X,r), denoted by 6,, is defined by: x <Ty iff x E cl(y). Then <, is always reflexive and transitive, and it is a partial order on X iff X is To. Many of our results are strictly bitopological; i.e., they pertain to the space with two topologies, (X, rd, rd*), rather than the particular distance function that induces these two topologies. Bitopological spaces have been studied since the early 1960's, and are discussed, using the same terminology that we use, in [ 161, particularly Sections 2 and 3. The "best" bitopological spaces, those analogous to compact Hausdorff topological spaces, are the join compact spaces: those (X, r, z* ) which satisfy the following conditions: 4
1. the symmetric topology of (X, r, r* ), Zs = r V T*, is compact and To; 2. (X, Z, z*) is pairwise weakly symmetric, i.e., < ;' = < ?* ; and is a -tr-continuity space, 9 is a filter on X and x is a ?-limit point for .9? Then for any y E X, the following are equivalent:
(2) y is a z-limit point of F, (3) y is a z-cluster point of 5
Proof. Clearly, (1) implies (2) and (2) We now consider a number of basic operations on continuity spaces, which are needed to build up complex data types from primitive ones. First note that V itself can be regarded as a YQontinuity space with dv(p,q) = q l p for p, q E V, where -is the left-adjoint to + described in Section 2. Below, when we refer to -tr as a <continuity space we mean with respect to the distance described in this paragraph.
Notice that for p,r E V, W(p) = {q imply x = y, for all x, y E X. This condition is, by the remark before Lemma 3.4, easily seen to be equivalent to the requirement that the induced topology on % be TO and to the requirement that the symmetric topology on X be 2'2, that is HausdorlI.
Definition 4.1. Assume (X,d) is a 9Qontinuity
space. Then X is called a %domain if it is TO and compact in its symmetric topology.
By Lemma 3.4 and the discussion preceding it, if (X, d) is a <domain, then (X, rd, rd*) is join compact. The topologies that arise from V-domains (those which are in join compact bitopological spaces) form an important class, and have been studied in a number of different guises. They can be represented as compact pospaces [lo], stably locally compact spaces [32] , complete quasi-proximity spaces [9] , or skew compact spaces [16] . Mike Smyth, in [31] , seems the first to explicitly consider these spaces as semantic domains. We prove several basic properties of these spaces which will be useful in the sequel. Note that since X is a Fdomain iff X* is, the duals of these results are also valid. Slightly less apparent, but also true is that the duals of join compact spaces are join compact; the only one of the four conditions in their definition that does not clearly hold for the dual is the pseudo-Hausdorff condition, but if (X, r, r* )
is pseudo-Hausdorff and pairwise weakly symmetric, and x 6 *-cl(y) then y $Z cl(x), so there are open T and *-open U such that x E U and y E T, showing that (X, z*, z) is pseudo-Hausdorff.
A subset A of X is saturated if x E A and x < Ty imply y E A, for all x, y E X.
An open subset of X is, of course, saturated. In a continuity space (X,d), we denote the specialization order by <d and note that for all x,y, by Lemma 3.2(3) applied to
Proposition 4.2. Assume 9" = (X,d) is a <domain and A is a subset of X. Then the following are equivalent.
(1) A is *-closed. Let CDom denote the category with objects the *domains and morphisms the functions which are continuous relative to the induced topologies. CDom is our candidate for a general category of semantic domains.
To prove that CDom is closed under elementary type forming operations, it is convenient to use an alternative characterization of <domains.
A net (x).);,~/I in a <continuity space X is Cauchy if for every E + 0 there exists a i-0 such that for all p, v > 3 , &a, E 3d(xP,x,). X is complete if every Cauchy net in X has a limit in the symmetric topology on X. 5 Cauchy completeness in continuity spaces and its relationship to natural order theoretic notions of completeness are studied in [5] . X is totalZy bounded if for all E + 0 there is a finite F &X such that X = U,,, N,"(y). The proof of the next result is just a translation of the usual argument for the corresponding result on uniform spaces; see, e.g., [4, p. 3391.
Theorem 4.8. Assume 35 = (X,d) is a TO flcontinuity space. Then X is a <domain ifsX is complete and totally bounded.
Proof. Necessity is clear, so we only consider sufficiency.
Assume X is complete and totally bounded. Suppose .F is a family of symmetrically closed subsets of X having the finite intersection property. Extend 9 to an ultrafilter %!.
Suppose E + 0. Choose 6 + 0 such that E 326. Choose a finite subset F CX such that 3"", on X and the uniform topology generated by VS is the symmetric topology on 5. X is complete in the sense just described iff the uniform space (X, V') is complete. 
201). Consequently, rdr = o(v).
Similarly, rd;. = g(v). and rdy-is the lower topology WY,
(Vx E ^Y-, E + 0)(3 finite G)(x @T G&Y =I (x + &)U T G).
These two can be combined to obtain the Lawson topology, and an interpretation which involves
I , but what may be simpler is that rd;* is the Lawson topology, On the other hand, 2, 0 and d are totally bounded since the first is finite, and for E > 0 the others are covered by the finite set {N,((2k+ 1)~) 10<(2k+ l).s< 1). To complete this discussion, we need sufficient conditions for the (8 of Construction 2.16 to be totally bounded. Call L *-bounded if for all c EA, there are finitely many elements ai,. . . , a, such that for all SEA there is an i~{l,...,n} such that c*a<ai and c*ai<a.
iv, iff (Vx E Y, E + 0)(3 finite F, G)(x @lFU T G&Y = [x 1 E,X + E]U JFU T G).

Finally, Y is totally bounded if and only if (VE k-0)(3 finite X 5 Y)(Vv E Y)(3x E X)(x<v + a)&(v<x + e).
Theorem 4.12. Assume V is a value quantale, L is a continuous lattice and * : L x L + L is a binary operation on L such that (L, *, T) is a commutative monoid and for any a E L, the function a *_ : L -+ L preserves sup's and the way-below relation. If 'ST is totally bounded, and L is +-bounded, then %?[L, V] is totally bounded.
Proof. Assume cp E %? and cp + 0. Let c E A and p E V be such that p + 0 and cp 2 (P~,~. Choose c' E A and p' E V so that c <c'* c', p 2 p' + p' and p' + 0. Let a 1,. . ,a, E A be such that for all a E A there is an i E { 1,. . . ,n} such that c'*a<ai and c'*ai<a and qi , . . . , qm E Y be such that for all q E V" there is a j E {l,...,m} such that p'+qj>q and p'+q>,qj. For each $E%?, let f =f$ : {l,...,n} + 11 , . . . ,m} be a function such that for each i E { 1,. . ,
n}, p' + qf(i) > $(c'+ ai) and p' + $(c'*ui)>qf(i).
We will show that if fe = fI, then (*) (p+$>x and cp+x>Ic/.
Total boundedness clearly follows. We now show the first inequality; the second then results by interchanging $ and x.
Notice that in general, p + $ >x @ Vx, y, p(x) + $(y) 3x(x*y); for p = (pc,+ we see that this last condition, (thus (*)) follows from the condition (x),f(y))dds(f(x),fd(x))+d(fd(x),fd(y))+ds(fd(y),f(y))~6+d(x,y)+ 66d(x, y) + E, and we are done by the arbitrary nature of E. To complete the proof, we must show total boundedness, and for this, if E + 0, find 6 + 0 so that E t 46. Because X and Y are both totally bounded, we can find xi,, . .,x, E X so that for each x E X there is an i 6m such that ds(x,xi) < 6, and yl,. for each x E X, there is an i<m so that ds(
x,xi) <6; then dS(g(x), fk(x)) <d$(g(x),g(xi)) + ds(g(xi)syk(i)) + ds(yk(+fk(xi)) + d"(fk(xi),fk(x))Gds(x,xi) + 6 + 6 + ds(xi,x)d46, as required. q Theorem 4.14. For -tr = 2, 0, b, T(K), or A(K), V itself is a V-domain.
Proof. In Remark 4.11 this was shown for 2, 0, and 8. By 
Some examples
By the appropriate choice of a value quantale, V, the traditional notions of domain can be captured as <domains.
Pose& We illustrate how domains of cpo's can be included in our general theory by considering two examples: algebraic cpo's and continuous cpo's. Two remarks should be made in connection with these constructions. First, in the case of continuous cpo's the value quantales obtained are a bit complex; however, the point here is simply to show that our theory is rich enough to include all continuous cpo's with compact
Lawson topology. Second, although it appears that the value quantales obtained depend on the particular (continuous or algebraic) cpo, they really depend only on the cardinality of the base. Thus, for example, we can capture all Scott domains with the single value quantale r( N ). We make a cpo X into a T(K)-continuity space, .!Zr = (X,dr), where K is the set of compact elements of X, by requiring for x, y E X and F a finite subset of K, F ~dr(x, y) # for all k E F, kdx implies kd y.
The following lemma is proved by a simple calculation. Proof. This follows at once from Lemma 5.1, the fact that for a T(K)-continuity space the family of sets of the form BP(X), for F a finite subset of K, form a neighborhood basis for x, and the observation that for an algebraic cpo, the set {T k 1 k compact} is a basis for the Scott topology on X and the set {X\ 1 k 1 k compact} is a subbasis for the lower topology on X. q It follows from this theorem that Xr is a r(K)-domain iff the Lawson topology on X is compact, which is equivalent to the requirement that X be a "2/3-SFP" domain (see [23] ). This is the case if X is bounded complete. In particular, for a Scott domain A character on a cpo X is a function k:X + [0, l] which preserves directed suprema and has a left-adjoint. This is a natural generalization of compact element, since k EX is compact iff the characteristic function XT(~) :X + (0, 1 } preserves directed suprema and has a left-adjoint -provided, of course, that X has a bottom element, which we will assume for the remainder of this section. A character is easily seen to be continuous for both the Scott and lower topologies. 
It follows at once that f (T v) = 1 and f (X\ T u) = 0.
Since {x;}i is a chain in X and X is a cpo, any subset of {xi}i has a sup. We can therefore define g : I + X by g(r) = sup{xj 1 qi < r}. compact. This condition is equivalent to the requirement that X be supersober (cf. [lo, p. 3 lo]). Thus if X is bounded complete, then 55~ is an /1(C)-domain. Metric spaces. This example is easily captured in the present framework by using the value quantale of distances, 9. A symmetric S-domain is a complete totally bounded metric space. The induced topology on a symmetric Sdomain is, of course, the usual metric topology. By taking p + q = max p,q rather than the sum of p and q, ultrametric spaces can be captured as well.
Probabilistic domains. A A-domain, where A is the value quantale of distance distribution functions, is a complete totally bounded probabilistic quasimetric space [27] .
Moreover, the induced topology on a symmetric A-domain X is the strong topology on X.
Powerdomains
Powerdomains provide domain-theoretic analogs of the power set. Their consideration is motivated by the need to model nondeterministic constructs. For us they are especially important, since they also provide a way to obtain function space constructions in <Dam.
The standard results of the theory of the upper powerdomain can be adapted to the setting of <domains.
The lower and convex powerdomains can also be adapted to this setting. These will be treated elsewhere. 
For E + 0, E + d&A, B) implies B C NJA] and B G NJA] implies E >dq(A, B). 2. d&A, B) = 0 z&f B C *-cl(A).
Proof.
( 1) is a simple calculation and (2) follows immediately from (1) and Lemma
0
Clearly, for any A GX, de(A, A) = 0. For the Triangle Inequality, it will suffice to show that if p + d&A, B) and q + d&B, C), then p + q 3 d&A, C). But this follows easily from Lemma 6.1( 1) and the Triangle Inequality for X.
Based on Lemma 6.1(2), we define the upper powerdomain of X, e(X), to be the collection of nonempty *-closed subsets of X with the upper Hausdorff distance. "k(X) is thus a To 'Pkontinuity space. It follows by regularity that A <B iff B CA. To show that q(X) is a <domain when X is, we use nonsymmetric versions of the Vietoris topology. We first need some definitions. give an elementary direct proof of this result, since it provides some useful additional information about powerdomains. For this proof, we need the fact that the symmetric topology is regular. This follows from the fact that (x, rd, rd' ) and its dual, (x, rd* , r.d) are regular (by Lemma 3.4(2) and its dual), and that the symmetric topology of any such bitopological space is regular: for if x f TS E ?, find T E z, T* E z*, such that x E T n T* & TS, and then by the regularity of both the above, U E z, UI* E r*, and closed C, *-closed C*, such that x E U C C* C T, x E U* C C & T*. But then x E U n U* C C n C* C T n T* C TS, U rl U* is '-open, and C n C* is '-closed, as required. By the dual of Lemma 4.6, any <domain has inf's of filtered subsets. If E is an upper <algebra it also has inf's of finite nonempty subsets and thus inf's of all nonempty subsets; in particular, it has a least element.
Lemma 6.6. rf E is an upper Y-algebra and x E E, then x = V{ y E E 1 x E int( t y)}.
Proof. Assume x $ w. Choose U open so that XE U and w $! U. By Lemma 6.5 (2) , choose N a *-closed subsemilattice of E such that N is a neighborhood of x and N C: U. Since N is symmetrically closed, it is also a <domain and hence an upper Proof.
(1) We have already noted that E has inf's of nonempty subsets, so it is a complete semilattice. If x E int(T y), then since r & (T, y < x. By Lemma 6.6, E is a continuous semilattice.
Suppose x E V E 0. Since x = V{y E E 1 x E int(1 y)} and this set is directed, there [21] . We verify this by using the characterization of strong monads given in [22] . 
Function spaces
By adapting the construction of Siinderhauf [33] tc continuity spaces we can show that for any V-domains X and Y, the exponential object %( Y)x exists in V-Dom.
This is done by giving a distance function on the set [X + %(Y)] of all continuous functions from X to s(Y) which makes this set into a <domain. The following result is the crucial step in this construction. 
